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The equality E — mc”? is derived in a fashion suitable for presentation in an elementary physics
course for nonscience majors. 1t assumes only 19th-century physics and knowledge of the photon,

Einstein’s original derivation of the relation between the
inertia and the energy content of a body' assumes the
knowledge of the relativistic Doppler effect. 1t was done
after his seminal paper on special relativity, but 17 years
befare Compton’s experiments of 1922, Had it been done
before 1905 and had the particle properties of the photon
already been known at that time, the following derivation
could conceivably have been carried out.

One starts with the following four simple assumptions.

(1) The Newionian formulas for the kinctic energy and
the linear momentum of a free body of mass »1 and speed »,
mi’ /2 and me. Correspondingly, one assumes (v/¢)* <1
throughout.

(2) The laws of conservation of energy and momentum,
but not the law of conservation of mass believed before
1905 to be valid.

(3) The Doppler effect, which has been known since the
first half of the 191h century: Radiation (whether it be
sound waves or electromagnetic waves) of speed c and fre-
quency v (when the observer is at rest relative 1o the
source) will be perceived 1o have that frequency altered by
a factor 1 4+ v/¢ (1 — v/¢) when the observer moves rela-
tive to the source with speed v and in a direction toward it
(awny from it}

(4) Electromagnetic radiation (in particular visible
light) as produced by a source at rest consists of quanta
(photons) that have particle properties: Radiation of fre-
quency v consists of photons of energy Av and momentutmn
hv/c. h and ¢ are consianis.

If these properties of photons had been known to a 19th-
century physicist, these statements would have been the
accepted truth of the day. Accept them therefore as the
basis for an analysis of the following physical process that
could be considered as a thought experiment, but which is
not beyond realization.

A source of radiation emits two photons simultaneously
while remaining at rest in some ( Newtonian!) inertial ref-
erence frame R. Conservation of momentum requires these
two photons to have equal and opposite momenta, and
therefore equal frequencies v. Therefore, they also have
equal energies Av. Conservalion of energy requires that the
internal energy of the source diminishes by an amount

= 2y, (1)

Assume now that this process is viewed from a different
reference frame R ’, which is moving uniformly relative to
the rest frame of the source and in such a way that the
source is secn to move with speed v in the same direction as
one of the photons. Conservation of momentum then re-
quires the momentum of the source before emission p; to be
equal to the mementum of the source after emission p; to-
gether with the two momenta of the phatons:

e ()0 ()0 )

The loss in source momenturn, Ap', is therefore
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Ap' = (2hv/c?)o. (2)

But the source in reference frame R is at rest both before
and after emission; in frame R ' it must therefore have the
same speed » both before and after emission. Now, accord-
ing to assumption (1) above, the Newtonian formula for
mementum is the product of mass times speed. The mo-
mentum loss of the source is thus found to reguire a change
in mass A times u; and that change of mass is found 1o be

Am = 2hv/c”. (3>

Conservation of energy further requires thal the initial
energy of the source £ be equal to its final energy F,
together with the energies of the two photons:

=E;+ (Ll +uvie) + fv(l —v/c),
or
AE' =2hv = AFE. (4}

Thus the energy loss AE of the source is the same in both
refercnce frames, R and R .

Inserting Eq. (4) into Eq. (3), the change of mass s
found to be

Am = AE /c*. (5)

One is thus foreed to conclude that the emission of the two
photons reduces the mass of the source, and this mass loss
amounis to an energy loss of AE = Ame”. The equivalence
of inertial mass loss and energy loss has thus been derived
from the zbove four assumptions.

COmne can go one step further and assume that e/ of the
mass of the source is used up by emitting photons of large
enough frequency; it must be so that kv = m,c”/2, where
2, is the initial mass of the source. That mass then disap-
pears, and its energy is present in the two photons that have
total energy E = m.¢”. Therefore, the mass 7, must have
been associated with that amount of energy.

This concludes the elementary derivation. One can add
1o it several layers of sophistication. The simplest one is to
permit the source (as seen from R ') to move at an arbitrary
angle & relative to one of the photons. This adds a factor
cos « in the Doppler effect. Momentum conservationin R’
then requires two equations, one for the parallel and one for
the perpendicular components of ihie momenta. Vlie end”
result is of course the same.

Another modification would be to assume the relativistic
Doppler effect and the relativistic expressions for the linear
momentum of the source. One can still maintain o = 0 at
first. This results in the relativistic relation between the
(rest) mass and the tolal energy (mass energy plus kinetic
energy) of the source. If a finite angle « is also assumed,
one returns to the assumptions underlying Einstein’s origi-
nal derivation, and our assumption (4) is no longer neces-
sary to derive Eq. (5],

This article was motivated by the criticism’ of a faulty
derivation in my recent book.*
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All. (Riferito nei capitoli 2 e 13)

La formula relativistica della massa m =my//1—v%/c? ¢ utilizzata
nell'equazione F = d(mv)/dt del secondo principio della dinamica. La
differenziazione conduce direttamente alla formula dell'accelerazione
relativistica per velocita arbitrarie. Cio confuta I'affermazione secondo cui il
secondo principio della dinamica sia valido solo per masse costanti.
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Alll. (Riferito nel capitolo 8)

Per l'esperimento ideale descritto nella Figura 9, viene qui eseguita
un'ulteriore derivazione che utilizza la legge di conservazione della quantita

di moto.
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AlV. (Riferito nel capitolo 10)
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Con riferimento all'esperimento ideale descritto in Figura 14, viene qui eseguita un'ulteriore
dimostrazione, che utilizza la legge di conservazione dell'energia. Dal punto di vista
dell'osservatore 04 risulta:

e my Sitrovain quiete,

e m;, si muove con la velocita relativa v4, che qui viene calcolata per velocita qualsiasi
(per basse velocita, come € noto, vale la semplice somma algebrica: v{, = v{ + v3),

e m, Si muove con la velocita v;.

Per questo la dimostrazione puo essere introdotta dalla seguente equazione:

2 2

moyc? + —2¢ Tt (AIV. 1)
-6 [1-8
| termini per my, dall‘equazione (10.3)
Moy _ Moz B2 (103)
-5 [i-s"
e per my dall‘equazione (10.4)
my = m—°(1 + ﬁi) (10.4)

Vengono utilizzati nell‘espressione (AIV.1):

Hgz ﬁzﬂ J Hgz (1 zi)
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\/1—;;5\/1—/3%=(1+B1ﬂz) 1- g2,

(1-BHA - B = A+ B1B2)*(1 - B12)
1 - B - B3 +PIPF =1+ 281, +PIBF— (1 + P1B2)*B1,
—B% — B3 =2B1B2 — (1 + B1B2)*BL,
(1+ B1B2)* Btz = (B1 + B2)?

_ B1t+B:
B1z =
1+ B1B2
Vq +v2
V12 = (10.6)
c
Q.E.D.



AV. (Riferito nel capitolo 11)

Velocita dal punto di vista di un osservatore che si muove in direzione ortogonale.
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Prendiamo in considerazione ’urto centrale tra due elettroni che si muovono l'uno verso
I'altro alle stesse velocita v,, come illustrato a sinistra in figura.

Supponiamo che a seguito della collisione si formi una nuova particella di massa m, che, dal

punto di vista di un osservatore 0, si trovi nell'origine di un sistema di riferimento in quiete
con lui.

Consideriamo ora lo stesso esperimento ideale dal punto di vista di un secondo osservatore O’
che si muova verso I'alto alla velocita v, ortogonale alla direzione del moto degli elettroni
collidenti (vedi in figura a destra).

Dal punto di vista di 0, a causa della legge di conservazione dell'energia, risulta quanto segue
(vedi nella figura a sinistra):

myc? = —— (V.1)

Dal punto di vista dell'osservatore O’, la particella formata dopo la collisione si muove lungo
I'asse Y verso il basso con la velocita v,, (vedi a destra nella figura) e quindi per lui risulta:

2 2
myc 2mg,.C
= £ - (V.2)
2 v
- J s
c2
Sostituendo 1’equazione (V.1) nella relazione (V.2) si ottiene:
2mg,c? 2myg,c?
= > -
2 v
1-% [1-2 J 1=z
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2 2 2
Vi vy v
1-2)(1-2)=1-5 =
vi vy vivs 1 v?
¢z c? ct c?



Di qui segue:
2172
zzy (V.3)

v =vi+v) -
E facile ravvisare che la relazione (V.3) per v, < ¢ e v, «< c si riduce a v* = v5 + v3, cosi
come é noto sia valido per I'addizione di vettori ortogonali.
Se una o entrambe le componenti sono uguali a c, allora risulta: v = c.

Per altri valori arbitrari di v, e v,, secondo la relazione (V.3), v non supera in nessun caso la
velocita della luce, come del resto e da aspettarsi in base alla teoria della relativita.



